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Abstract. We extend the notions of Dedekind complete and σ-Dedekind com-
plete Banach lattices to Banach C(K)-modules. As our main result we prove
for these modules an analogue of Lozanovsky’s well known characterization
of Banach lattices with order continuous norm.
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1. Introduction
This paper continues the investigation of the properties of finitely generated Ba-
nach C(K)-modules (see the definition preceding Theorem 4.7) undertaken by the
authors in the papers [7, 8, 9]. There is good reason to consider such modules
as the nearest relatives of Banach Lattices. Indeed, in the above mentioned pa-
pers the authors proved that the well known criteria of reflexivity, weak sequential
completeness, and dual Radon - Nikodym property established for Banach Lattices
remain valid for finitely generated Banach C(K)-modules, while, as it is also well
known, for arbitrary Banach spaces this is not the case.
It provides some hope that it is possible to develop a meaningful theory of
finitely generated Banach C(K)-modules parallel to the one of Banach lattices,
and the current paper can be considered as another small step in this direction.
It is a well known result of Lozanovsky [10] that a Dedekind complete Banach
lattice has order continuous norm (in short: is order continuous) if and only if it
does not contain a copy of l∞. It is sufficient actually to require that the Banach
lattice is σ-Dedekind complete (see e.g. [15]), but some condition of this type is,
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of course, necessary, because e.g. C[0, 1], being separable, does not contain a copy
of l∞, but the standard norm on it is not order continuous.
Now, the following questions arise.
1. What is a natural analogue of Dedekind completeness for Banach C(K)-
modules?
2. The same question for σ-Dedekind completeness.
3. What should be considered as an analog of order continuity for Banach C(K)-
modules?
4. Does an analog of Lozanovsky’s result remain valid for finitely generated
Banach C(K)-modules?
As the reader will see, the answer to the first question is provided by the well
known notion of Kaplansky module (see Definition 3.9).
The second question is more involved, and our answer to it makes use of some
deep ideas of the late A.I. Veksler [14]
An answer to the third question, as well as a positive answer to question four
(see Theorems 4.6 and 4.7) represent the main results of the current paper.
After this short introduction we will proceed with some basic definitions,
concepts, and notations.
2. Preliminaries
Let K be a compact Hausdorff space and C(K) be the Banach algebra of all
complex (or real)-valued continuous functions on K. Let X be a Banach space
over the field C of complex numbers or over the field R of real numbers. Let m
be a unital bounded algebra homomorphism of C(K) into the algebra L(X) of
all bounded linear operators on X . The triple (C(K),m,X) is called a Banach
C(K)-module.
Given a Banach C(K)-module we can define an equivalent norm on X ,
‖x‖′ = sup{‖ax‖, a ∈ C(K), ‖a‖ ≤ 1}.
With respect to this norm the homomorphism m is a contraction. Since m is an
algebra homomorphism its kernel, kerm is a closed ideal in the algebra C(K).
By replacing C(K) with C(K ′) ∼= C(K)/ kerm where K ′ = {k ∈ K : a(k) =
0 ∀a ∈ kerm} we can always assume that m is one-to-one. The following lemma
was proved in [4, Lemma 2].
Lemma 2.1. Let m : C(K)→ L(X) be a contractive homomorphism. Then
1. a, b ∈ C(K), |a| ≤ |b| ⇒ ‖m(a)x‖ ≤ ‖m(b)x‖ for any x ∈ X.
2. If m is one-to-one then it is an isometry.
Remark 2.2. We would like to emphasize that while in the statement of our main
result we will suppose only that m is a bounded homomorphism, in its proof, in
virtue of Lemma 2.1 we will assume that it is an isometry.
Dedekind complete and order continuous Banach C(K)-modules. 3
Definition 2.3. Let x ∈ X . The cyclic subspace X(x) in X is defined as
X(x) = cl{m(a)x, a ∈ C(K)},
where cl denotes the closure of a set.
A Banach C(K)-module is called a cyclic Banach space if there is an x ∈ X
such that X = X(x).
The following important and well known lemma is a consequence of more
general results proved in [5] and [1]. Special cases were considered earlier by Vek-
sler [14] and Schaefer [13]. A direct proof is in [11, Lemma 2]
Lemma 2.4. Let m : C(K) → L(X) be a contractive unital homomorphism. Let
X = X(x0) for some x0 ∈ X, i.e. X is a cyclic Banach space with a cyclic vector
x0. Then
1. X can be represented as a Banach lattice with quasi-interior point x0.
2. The cone of the positive elements in X is the closure in X of the set {m(a)x0 :
a ∈ C(K), a ≥ 0}.
3. The center Z(X) of the Banach lattice X can be identified with the closure of
m(C(K)) in the weak operator topology on L(X).
4. The unit ball of Z(X) is the closure of the unit ball of m(C(K)) in the weak
operator topology.
5. If x is a quasi-interior point in the Banach lattice X then for the order ideal
Ix generated by x we have Ix = Z(X)x.
Another important tool needed for our results is the following lemma [4,
Lemma 4(3), equivalence (b)⇔ (c)].
Lemma 2.5. Let m : C(K) → L(X) be a bounded unital algebra homomorphism.
Then the following statements are equivalent.
1. For each x ∈ X the map a → m(a)x, a ∈ C(K), is compact, provided that
C(K) is endowed with its norm topology and X with its weak topology.
2. The homomorphism m can be extended uniquely to an algebra homomorphism
mˆ : C(K)′′ → L(X) which is continuous provided that C(K)′′ is endowed with
the weak-star topology and L(X) with the weak operator topology.
Remark 2.6. (a) Note that C(K)′′ ∼= C(S) where S is a hyperstonian compact
space. The proof of Lemma 2.5 given in [4] requires the use of Arens extension of
the C(K)-module multiplication on X to a C(K)′′-module multiplication on X ′
and X ′′. Since we will not need the use of this result other than in the above form,
we will not introduce Arens extensions here. However, we encourage the interested
reader to look up the straightforward exposition and the proof in [4, pp. 75 - 76].
(b) The property (1) in Lemma 2.5 is called the weakly compact action of
m(C(K)) on X . We will use this term in the sequel.
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3. Dedekind complete and σ-Dedekind complete cyclic Banach
spaces
In this section we will characterize cyclic Banach spaces which, when represented
as Banach lattices in accordance with Lemma 2.4 are Dedekind complete or σ-
Dedekind complete. A characterization of σ-Dedekind complete cyclic Banach
spaces was obtained by Veksler in [14]. Here we will simplify Veksler’s proof by
using Lemmas 2.1 and 2.4. But we need to emphasize that the main idea is still
the one used by Veksler.
For the remainder of this section we will assume that the compact space
K is totally disconnected. We will denote by B the Boolean algebra of all the
idempotents in C(K). Clearly, B consists of characteristic functions of the clopen
subsets of K. The identically one function 1 and the identically zero function 0
correspond to the identity and the zero of the Boolean algebra B. Let m : C(K)→
L(X) be a bounded unital algebra homomorphism, notice that the closed subset
K ′ of K defined in Section 2 as the set of common zeros of functions from kerm,
is also a totally disconnected compact Hausdorff space with the relative topology
inherited from K.
Definition 3.1. Let x ∈ X . An idempotent ex ∈ B is called the carrier projection
of x if m(ex)x = x and
e ∈ B, m(e)x = x⇒ ex ≤ e in C(K).
Remark 3.2. Such a projection is called by Veksler the support of x (see [14]). It is
worth noticing that when m(B) is a Bade complete Boolean algebra of projections
on X (see Definition 4.2 below) the above definition coincides with the Bade’s
definition of carrier projection in [3].
Lemma 3.3. Let x ∈ X and ex be the carrier projection of x. Then for any a ∈
C(K) , m(a)x = 0 if and only if aex = 0.
Proof. Suppose aex = 0. Then m(a)x = m(a)m(ex)x = m(aex)x = 0.
Conversely, initially suppose that for some e ∈ B, m(e)x = 0. Then m((1 −
e))x = x and therefore ex ≤ 1 − e. It follows that eex = 0. Now assume that for
some non-negative a ∈ C(K) we havem(a)x = 0 and that for some t ∈ K, a(t) > 0.
Then, since K is totally disconnected, there are some ε > 0 and e ∈ B such that
e(t) = 1 and 0 ≤ εe ≤ a. Then by Lemma 2.1 (1), ε‖m(e)x‖ ≤ ‖m(a)x‖ = 0.
Therefore eex = 0 and ex(t) = 0, hence ae = 0.
Finally, if m(a)x = 0 for some a ∈ C(K) then applying again Lemma 2.1 (1)
we see that m(|a|)x = 0 hence |a|ex = 0, and therefore aex = 0.

Definition 3.4. We will say that a Banach C(K)-module X is a Veksler module if
any x ∈ X \ {0} has a carrier projection ex ∈ C(K).
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Remark 3.5. Cyclic Banach spaces with the property stated in Definition 3.4 were
introduced by Veksler in [14]. They were also considered by Rall [12] who called
the corresponding Boolean algebra B τ -complete.
Assume that X is a Veksler module. For every x ∈ X \{0} we will denote the
clopen support of ex in K by Kx. Clearly, Kx is the Stone representation space of
the Boolean algebra exB.
Let us recall that a compact Hausdorff space K is called quasi-Stonian if it
is basically disconnected, i.e. the closure of every open Gδ set in K is open. It is
also worth recalling that the following properties are equivalent:
1. K is quasi-Stonian.
2. C(K) is σ-Dedekind complete.
3. Every non-negative sequence bounded from above in C(K) has a supremum
in C(K).
4. Every principal band in C(K) is a projection band.
Lemma 3.6. Let X be a Veksler module with respect to the Boolean algebra B. Then
for every x ∈ X \ {0}, the Banach algebra C(Kx) is a Veksler module with respect
to the Boolean algebra exB. Moreover, the compact space Kx is quasi-Stonian.
Proof. Let x ∈ X and let ex ∈ B be the corresponding carrier projection. Let
a ∈ C(Kx). We extend a as a continuous function on K by letting a ≡ 0 on
K \ Kx. We will identify a and its extension on K. We claim that em(a)x is
the carrier projection for a in exB. Note that m(1 − ex)m(a)x = 0. Therefore
(1 − ex)em(a)x=0 and em(a)x ∈ exB. Now suppose that for some b ∈ C(Kx),
ba = 0. Then m(b)m(a)x = 0, and consequently bem(a)x = 0. Conversely, suppose
bem(a)x = 0. Then m(b)m(a)x = 0 and therefore baex = 0. Hence em(a)x is the
carrier projection of a ∈ C(Kx). This also means that {a}⊥ = (1− em(a)x)C(Kx).
Therefore the principal band {a}⊥⊥ = em(a)xC(Kx) is a projection band and the
space Kx is quasi-Stonian.

The critical property of cyclic subspaces of a Veksler module is stated in
the next lemma due to Veksler [14]. For the sake of completeness we will give a
simplified proof of this result.
Lemma 3.7. Let X be a cyclic Veksler module with a cyclic vector x0. If xn → x,
yn → y and for each n, exneyn = 0 then exey = 0.
Proof. Because m is an isometry throughout this proof we will identify a ∈ C(K)
and m(a) ∈ L(X). We assume that by Lemma 2.4, X has been represented as a
Banach lattice with quasi interior point x0. Since C(K) ⊆ Z(X), we have for some
a ∈ C(K) and x ∈ X that ax = 0 if and only if a|x| = 0. Therefore the carrier
projections of x and |x| are the same. So it is sufficient to consider non-negative
sequences {xn} and {yn}. Also, since xn → x implies exxn → exx = x, we can
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assume that exn ≤ ex and eyn ≤ ey. Next we notice that exnx→ x and eyny → y.
Indeed,
‖exnx− x‖ ≤ ‖exn(x − xn)‖ + ‖xn − x‖ ≤ 2‖xn − x‖.
We may assume that ‖x − exnx‖ <
1
2n and ‖y − eyny‖ <
1
2n for n ∈ N. For any
m ∈ N consider the decreasing sequence xmn = (exmexm+1 . . . exn)x where n ≥ m.
Let m ≤ n and p ∈ N. Then
xmn − x
m
n+p = (exmexm+1 . . . exn)[(1 − exn+1) + exn+1(1− exn+2) + . . .
+exn+1exn+2 . . . exn+p−1(1− exn+p)]x.
Therefore ‖xmn − x
m+p
n ‖ ≤
1
2n and we can assume that x
m
n →n→∞
xm ∈ X . Similarly
ymn → y
m ∈ X . Since both sequences are decreasing, for all n ≥ m we have
exm ≤ exn and eym ≤ eyn .
It is clear that {xm} and {ym} are increasing sequences and that x and y are
upper bounds for each sequence, respectively. Next consider for any fixed m the
increasing sequence {x− xmn }n≥m. We have
x− xmn = [(1− exm) + exm(1− exm+1) + exmexm+1(1− exm+2) + . . .
+exmexm+1 . . . exn−1(1− exn)]x.
It follows easily that ‖x − xmn ‖ <
1
2m−1 . Hence, passing to the limit, we have
‖x − xm‖ ≤ 12m−1 . Therefore x
m → x and ym → y. Since eymexn = 0 for all
n ≥ m, we have eymxn = 0, n ≥ m. Hence, eymx = 0 and therefore eymex = 0 for
all m. Then exy
m = 0 for all m, hence exy = 0. It follows that exey = 0.

Lemma 3.8. (Veksler) A cyclic Veksler module represented as a Banach lattice is
σ-Dedekind complete.
Proof. It follows from Lemmas 3.7 and 3.6 that m(C(K)) is weak-operator closed.
To see this, note that by Lemma 2.4, the weak operator closure of C(K) is Z(X) =
C(Kˆ). Since B ⊂ C(K) ⊆ C(Kˆ) it is sufficient to prove that B separates the
points of Kˆ. Let s, t be two distinct points in Kˆ. Then there is Φ ∈ C(Kˆ) such
that −1 ≤ Φ ≤ 1, Φ(s) = 1, and Φ(t) = −1. Let x0 be a cyclic vector in X .
Without loss of generality we will assume that the carrier projection of x0 is
1 ∈ B. There is a sequence {an} in C(K) such that ‖anx0 − Φx0‖ → 0. Since
|a+n − Φ
+| ≤ |an − Φ| and |a−n − Φ
−| ≤ |an − Φ|, where the lattice operations
are considered in C(Kˆ) = Z(X), we have ‖(a+n − Φ
+)x0‖ ≤ ‖(an − Φ)x0‖ and
‖(a−n − Φ
−)x0‖ ≤ ‖(an − Φ)x0‖. Thus a+nx0 → Φ
+x0 and a
−
n x0 → Φ
−x0 in norm
in X . Let en, e
′
n ∈ B be the carrier projections of a
+
n and a
−
n in C(K), respectively
(they exist because K is quasi-Stonian). Then clearly e′n ≤ 1− en. By Lemma 3.6,
ea+nx0 = en and ea−n x0 = e
′
n. Let e and e
′ be carrier projections in B of Φ+x0
and Φ−x0, respectively. By Lemma 3.7, ee
′ = 0. So eΦ−x0 = 0 and, because
x0 is a C(K)-cyclic vector, eΦ
− = 0, as an operator in Z(X), hence e(t) = 0.
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Moreover, (1− e)Φ+x0 = 0 hence (1− e)Φ+ = 0 and e(s) = 1. Thus, K = Kˆ and
Z(X) = C(K).
Assume that xn ∈ X+ and xn ≤ y ∈ X,n ∈ N. Let z = x0 ∨ y, then z
is a quasi-interior element in X and xn ∈ Iz where Iz is the order ideal in X
generated by the quasi-interior element z. Then, by Lemma 2.4(5) (actually, by
the Krein-Kakutani theorem), Iz = Z(X)z. Hence there are an ∈ C(K) = Z(X)
such that 0 ≤ an ≤ 1 and xn = anz. Recall that K is quasi-Stonian, hence C(K)
is σ-Dedekind complete. Let a = sup
n∈N
an ∈ C(K). It is immediate to see that
az = sup
n∈N
anz ∈ X .

It is well known that if E is a Dedekind complete vector lattice its center
Z(E) = C(K) is also Dedekind complete, hence K is a Stonian (extremally dis-
connected) compact space. An analog of this property for Banach C(K)-modules
was first considered by Kaplansky [6].
Definition 3.9. A Banach C(K)-module X is called a Kaplansky module if it
satisfies the following two conditions.
1. The compact space K is Stonian.
2. For any x ∈ X and for any non-negative set {aα} bounded above in C(K)
the following implication holds
aαx = 0, for all α⇒ ax = 0, where a = sup aα.
It is easy to see that any Kaplansky module is also a Veksler module and that
any Dedekind complete Banach lattice X is a Kaplansky module over its center
Z(X). The lemma below shows that the converse of the last statement is true for
cyclic Kaplansky modules.
Lemma 3.10. Let X be a cyclic Kaplansky module over C(K) and let x0 ∈ X
be a cyclic element of X. Then when represented as a Banach lattice with the
quasi-interior point x0, X is Dedekind complete.
Proof. Because, as a Kaplansky module, X is also a Veksler module we can apply
Lemma 3.8 to conclude that Z(X) = C(K). Note that C(K) is Dedekind complete.
Then repeat the argument from the proof of Lemma 3.8 to see that any subset of
X+ that is bounded above has a supremum in X .

4. Order continuous Banach C(K)-modules
In this section we will extend to Banach C(K)-modules the following classic result
of Lozanovsky [10].
Theorem 4.1. Let E be a σ-Dedekind complete Banach lattice. The following con-
ditions are equivalent.
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1. The original lattice norm on E is order continuous.
2. E does not contain ℓ∞ as a closed subspace.
3. E does not contain ℓ∞ as a closed sublattice.
Throughout this section we assume that X is a Banach space either over R
or over C, K is a compact Hausdorff space, and m : C(K)→ L(X) is a bounded
injective unital algebra homomorphism (and therefore an isometry).
Definition 4.2. Let K be a Stonian compact Hausdorff space and B is the Boolean
algebra of all idempotents in C(K). We say that B is a Bade-complete Boolean
algebra of projections on X if for any increasing net {eα} in B and for any x ∈ X
we have ‖(e− eα)x‖ → 0, where e = sup eα.
Remark 4.3. The above definition is equivalent to the definition of a complete
Boolean algebra of projections on a Banach space as given by Bade [3].
We start with our main result concerning cyclic Banach spaces.
Theorem 4.4. Let X be a cyclic Banach C(K)-module, x0 be a cyclic vector in
X, and let B be the Boolean algebra of all idempotents in C(K) . The following
conditions are equivalent.
1. The compact space K is totally disconnected, X is a Veksler module, and X
does not contain a copy of ℓ∞.
2. The compact space K is Stonian, X is a Kaplansky module, and X does not
contain a copy of ℓ∞.
3. m(C(K)) is weak operator closed, and X, when represented as a Banach
lattice, has order continuous norm.
4. The compact space K is Stonian and B is a Bade complete Boolean algebra
of projections on X.
5. The compact space K is hyperstonian andm is (w⋆, weak-operator)-continuous.
Proof. (2)⇒ (1). This implication follows from the fact that a Kaplansky module
is a Veksler module.
(1)⇒ (3). Note that when X is represented as a Banach lattice with a quasi-
interior point x0, it is σ-Dedekind complete andm(C(K)) = Z(X) ( see Lemma 3.8
and its proof). Therefore m(C(K)) is weak operator closed. Next, since X does
not contain any copy of ℓ∞, X has order continuous norm by Theorem 4.1.
(3) ⇒ (2). It is well known that X has order continuous norm implies that
X is Dedekind complete and by Theorem 4.1 it does not contain a copy of ℓ∞.
(3) ⇒ (4). Since m(C(K)) is weak operator closed, by Lemma 2.4 (3) we
have m(C(K)) = Z(X). As we have already noticed, X is Dedekind complete.
Therefore Z(X) is Dedekind complete and K is Stonian. Moreover, if {eα} is an
increasing net in B and e = sup eα then for any non-negative x ∈ X we have
sup eαx = ex. Therefore, ‖eαx − ex‖ → 0. It follows that B is a Bade complete
Boolean algebra of projections on X .
(5) ⇒ (3). The fact that K is hyperstonian implies that C(K) is a dual
Banach lattice. Let us denote its predual by C(K)⋆. The definition of order in
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C(K) by means of its predual implies that whenever 0 ≤ aα is an increasing net and
sup aα = a in C(K) then aα → a in the w⋆ topology in C(K). Sincem is (w⋆, weak-
operator)-continuous , we have aαx→ ax in the weak topology in X . In particular
if for every α, aαx = 0 then ax = 0 and thereforeX is a Kaplansky module. Hence,
by Lemma 3.10, when represented as a Banach lattice, X is Dedekind complete
andm(C(K)) = Z(X). Next assume that {xα} is an increasing net bounded above
with non-negative elements in X and that x = supxα. Then there is an increasing
net {aα} of non-negative elements in C(K) such that xα = aαx. It is immediate
to see that supaα = ex, the carrier projection of x. Then the net {aα} converges
to ex in the w
⋆ topology in C(K) and therefore, {xα} converges to x in the weak
topology in X . Duality implies that there is a sequence {yn} in X such that every
yn is a convex combination of elements from the net {xα} and ‖yn−x‖ → 0. Since
{xα} is an increasing net of non-negative elements, it follows that the net {xα}
converges to x in norm, hence the norm on X is order continuous.
(4)⇒ (5). Suppose x ∈ X , x′ ∈ X ′ and define µx,x′ ∈ C(K)′ as
µx,x′(a) = x
′(ax), a ∈ C(K).
We want to show that each such functional is order continuous on C(K). Because
the set of these functionals is clearly total on C(K), it would follow that K is
hyperstonian. It is sufficient to show that for any closed nowhere dense subset D
of K we have µx,x′(D) = 0 where we identify µx,x′ with the corresponding finite
regular Borel measure on X . Initially assume that µx,x′ ≥ 0. Let us fix D and let
us consider the collection {τ} of clopen subsets of K disjoint from D and ordered
by inclusion. Let eτ ∈ B be the characteristic function of the subset τ . Then {eτ}
is an increasing net in B. Because the union of all the sets in the collection {τ} is
K \D, an open dense subset of K, we have sup eτ = 1. Recalling that B is Bade
complete we see that ‖(1− eτ )x‖ → 0. From the inequalities
0 ≤ µx,x′(D) ≤ µx,x′(K \ τ) = µx,x′(1 − eτ ) = x
′((1− eτ )x)
we conclude that µx,x′(D) = 0.
Now denote byXR the Banach spaceX considered as a real Banach space and
byX ′R the space of all real valued bounded linear functionals onXR. We claim that
for any x′ ∈ X ′R and for any x ∈ X there exists e+ ∈ B such that µe+x,x′ = µ
+
x,x′
and −µ(1−e+)x,x′ = µ
−
x,x′ . Given µx,x′ let us, without loss of generality, assume
that both µ+x,x′ and µ
−
x,x′ are not equal to zero. We can assume, without loss of
generality, that for some e ∈ B we have µx,x′(e) > 0 and that the set N = {e′ ∈
eB : µx,x′(e
′) < 0} is not empty. By Zorn’s lemma there is a maximal collection Ω
of pairwise disjoint elements of N . Let {eα} be an increasing net in B formed by
finite sums of elements of Ω. Let e′ ∈ B be the supremum of {eα}. Since B is Bade
complete on X , we have ‖(e′ − eα)x‖ → 0. Also, since for every α, µx,x′(eα) < 0
and the net {µx,x′(eα)} is decreasing, we have
µx,x′(e
′) = limµx,x′(eα) < 0.
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Then for any projection p ∈ (e − e′)B we have µx,x′(p) ≥ 0. Indeed, otherwise we
arrive at a contradiction with the maximality of Ω. Thus we have proved that the
set
P = {e ∈ B : e′ ∈ eB ⇒ µx,x′(e
′) ≥ 0}
is not empty. Applying Zorn’s lemma again, we can find a maximal collection E
of pairwise disjoint elements in P . Let e+ = sup
e∈E
e ∈ B. We claim that e+ ∈ P .
Indeed, let e′ ∈ B. Then for any e ∈ E we have µx,x′(e′e) ≥ 0. Bade completeness
of B on X implies that µx,x′(e′e+) ≥ 0, hence e+ ∈ P . It is easy to conclude from
the maximality of E that for any idempotent e ∈ (1−e+)B, we have µx,x′(e) ≤ 0. It
follows that both µe+x,x′ and −µ(1−e+)x,x′ are positive linear functionals on CR(K)
(the space of all real-valued continuous functions onK). Hence, as we have already
proved, both of them, and therefore their difference µx,x′ are order continuous on
CR(K). Since the map m is one-to-one, it is clear the set of functionals {µx,x′ : x ∈
XR, x
′ ∈ X ′R} is total on CR(K). Therefore K is hyperstonian and C(K) is a dual
Banach lattice. Since each linear functional in X ′ is a linear combination over C
of functionals from X ′R every functional µx,x′, x ∈ X, x
′ ∈ X ′ is order continuous
on C(K) and therefore belongs to its predual C(K)⋆. Therefore if aα → a in w⋆-
topology in C(K) then m(aα)→ m(a) in the weak operator topology in L(X). 
We are now ready to state and prove our main result for general Banach
C(K)-modules. In connection with this we would like to make the following remark.
Remark 4.5. (a) In condition (3) of Theorem 4.4 we cannot dispense with the
requirement thatm(C(K)) is weak-operator closed. Indeed, c0 is a cyclic Banach c-
module and has order continuous norm. But Z(c0) = w−cl(m(c0)) = ℓ∞ 6= m(c0).
(b) As the reader will see, in our next result, Theorem 4.6, where we consider
general Banach C(K)-modules, we assume from the very beginning that m(C(K))
is weak-operator closed. The following example illustrates that we have to be
careful with regard to this condition. We consider c as a Banach c-module; then
m(c) = Z(c) is closed in the weak operator topology in L(c) but when we restrict
m to the cyclic subspace c0 as we have just seen m(c) is not weak operator closed
in L(c0).
Theorem 4.6. Let m : C(K)→ L(X) be an injective bounded unital algebra homo-
morphism such that m(C(K)) is weak-operator closed. The following conditions
are equivalent.
1. (a) K is totally disconnected and
(b) X is a Veksler module, and
(c) no cyclic subspace of X contains a copy of ℓ∞.
2. (a) K is Stonian and
(b) X is a Kaplansky module, and
(c) no cyclic subspace of X contains a copy of ℓ∞.
3. Each cyclic subspace of X when represented as a Banach lattice has order
continuous norm.
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4. (a) K is Stonian and
(b) the set B of all idempotents in C(K) is a Bade complete Boolean algebra
of projections on X.
5. (a) K is hyperstonian and
(b) the map m is (w⋆, weak operator) continuous.
Proof. (2)⇒ (1). This implication is trivial.
(1)⇒ (3). It follows from (1) and Lemma 3.8 that for any x ∈ X the cyclic
subspace X(x) when represented as a Banach lattice is σ-Dedekind complete and
Z(X(x)) = C(Kx) where Kx is the support of ex in K. Because X(x) does not
contain a copy of ℓ∞ by Theorem 4.1 ( (2)⇒ (1)), the implication is proved.
(3)⇒ (5). First we claim that (3) implies that m(C(K)) has weakly compact
action on X . Let x ∈ X . Then X(x) has order continuous norm when represented
as a Banach lattice. Notice that for every a ∈ C(K) the cyclic space X(x) is in-
variant for the operator m(a). Then the correspondence a → m(a)|X(x) defines
the algebraic homomorphism mx : C(K)→ L(X(x)). Let C(Kx) ∼= C(K)/ kermx
and let m˙x : C(Kx) → L(X(x)) be the unital injective algebra homomorphism
induced by mx. By Lemma 2.4 the closure of m˙x(C(Kx)) in the weak operator
topology in L(X(x)) can be identified with Z(X(x)). Let L be the Stone represen-
tation space of Z(X(x)). Clearly C(Kx) can be identified with a closed subalgebra
of C(L), the map m˙x can be extended to an algebraic unital injective homomor-
phism m˜x : C(L) → L(X(x)), and m˜x(C(L)) = Z(X) hence m˜x(C(L)) is weak
operator closed in L(X(x)). Applying the implication (3)⇒ (5) from Theorem 4.4
we obtain that the Stone representation space L of Z(X(x)) is hyperstonian and
the embedding m˜x : C(L) → L(X(x)) is (w⋆, weak-operator)-continuous. Be-
cause m˜x(a)x = m(a)x, when a ∈ C(K), we have that for any x ∈ X the map
a→ m(a)x is weakly compact, and thus the claim is proved.
Then, by Lemma 2.5 there is a unique extension of m, mˆ : C(K)′′ → L(X)
that is (w⋆, weak-operator)-continuous. Since C(K)′′ is a dual AM -space its
Stone representation space is hyperstonian. Because ker mˆ is a w⋆-closed ideal
in C(K)′′ we have that C(K)′′/ ker mˆ = C(S) where S is a hyperstonian compact
space. This means that as well as being an isometric unital algebra homomor-
phism the map mˆ : C(S) → L(X) is (w⋆, weak-operator) continuous. There-
fore X is a Kaplansky C(S)-module. We claim that this implies that mˆ(C(S))
is weak-operator closed in L(X). For each x ∈ X , let ex denote the carrier pro-
jection of x and Sx the clopen subset of S that is the support of ex. Note that
C(Sx) = exC(S) = C(S)/(ker mˆ|X(x)). Since ker mˆ|X(x) is w⋆-closed, C(Sx) is a
dual Banach space and Sx is hyperstonian. By Lemma 3.10,X(x) when represented
as a Banach lattice is Dedekind complete and Z(X(x)) = C(Sx) is weak-operator
closed in L(X(x)). Consider T ∈ L(X) which is in the weak-operator closure
of mˆ(C(S)). Then for any x ∈ X the cyclic subspace X(x) is T -invariant and
T |X(x) ∈ Z(X(x)). Therefore for each x ∈ X there is ax ∈ C(Sx) = exC(S) such
that T (x) = mˆ(ax)x. Then as proved (by a standard argument) in [5, Lemma 2]
there is a ∈ C(S) such that exa = ax, x ∈ X and therefore T (x) = mˆ(a)x, x ∈ X .
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Thus T ∈ mˆ(C(S)) and as claimed mˆ(C(S)) is weak-operator closed. Butm(C(K))
is weak-operator closed, C(K) is w⋆-dense in C(S), and mˆ is (w⋆, weak operator)-
continuous. Hence m(C(K)) = mˆ(C(S)) and K is homeomorphic to S.
(5) ⇒ (4). Suppose that {eα} is an increasing net in B such that sup eα =
e ∈ B. Then eα → e in the w
⋆ topology in C(K). Let x ∈ X . Because m is
(w⋆, weak-operator)-continuous we have eαx → ex in the weak topology in X .
Duality implies that for a sequence {an} of convex combinations of eα we have
‖ex− anx‖ → 0. But the net {eα} is increasing and therefore for a fixed n and for
all sufficiently large α we have ‖ex− eαx‖ ≤ ‖ex− anx‖. Hence ‖ex − eαx‖ → 0
and B is a Bade complete Boolean algebra of projections on X .
(4) ⇒ (3). It follows immediately from (4) that X is a Kaplansky Banach
C(K)-module. It remains to notice that for each x ∈ X the Boolean algebra exB
is Bade complete on X(x) and apply the implication (4)⇒ (3) from Theorem 4.4.
(4) ⇒ (2) We have already proved that (4) implies that X is a Kaplansky
module and that each cyclic subspace X(x) when represented as a Banach lattice
has order continuous norm. By Theorem 4.1, X(x) does not contain any copy of
ℓ∞. 
Our next theorem relates to the case of finitely generated Banach C(K)-
modules. It would be just a corollary of Theorem 4.6 except for the fact that it
contains two new equivalences that are not true in the general case.
Recall (see [7]) that a Banach C(K) module is called finitely generated if there
are x1, . . . , xn ∈ X such that the linear span of cyclic subspaces X(xi), i = 1, . . . , n
is dense in X . The elements x1, . . . , xn are called generators of X .
Theorem 4.7. Let X be a finitely generated Banach C(K)-module such that m is
injective and m(C(K)) is weak operator closed in L(X). Then the conditions (1)
- (5) of Theorem 4.6 are equivalent to the following two conditions.
(1A) K is totally disconnected, X is a Veksler module, and X does not contain
a copy of ℓ∞.
(2A) K is Stonian, X is a Kaplansky module, and X does not contain a copy
of ℓ∞.
Proof. Equivalence of (1) - (5) follows from Theorem 4.6. It is obvious that (2A)⇒
(1A)⇒ (1). Therefore the theorem will be proved if show that (2A) follows from
conditions (1) - (5).
Hence we can assume that K is hyperstonian, m : C(K) → L(X) is (w⋆,
weak-operator)-continuous, and the Boolean algebra B of all idempotents in C(K)
is Bade complete on X . Furthermore, no cyclic subspace of X contains a copy
of ℓ∞. Under this conditions we have to show that X does not contain a copy
of ℓ∞. We will prove it by induction on the number of generators of X . When
n = 1, X is cyclic and therefore does not contain a copy of ℓ∞. Suppose that
whenever X has n generators the conditions (1) − (5) imply (2A). Let X have a
minimum of n + 1 generators {x0, x1, . . . , xn}. Consider the submodule Y of X
with the generators {x1, . . . , xn}. The map m generates in an obvious way the map
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mY : C(K) → L(Y ). Clearly kermY is w⋆-closed and therefore C(K)/ kermY ∼=
C(KY ) where KY is a clopen subset of K. Hence C(KY ) is a dual Banach lattice.
Let eY be the characteristic function of KY . Then eY B is Bade complete on Y .
Therefore mY (C(KY )) is weak-operator closed in L(Y ) and Y satisfies conditions
(1) - (5). Then by the induction hypothesis no closed subspace of Y is isomorphic
to ℓ∞. Next we consider the factor X/Y with elements [x] = x + Y, x ∈ X .
Because Y is a C(K)-submodule of X the map mX/Y : C(K) → L(X/Y ) is
well defined. It is clear that kermX/Y is a w
⋆-closed ideal in C(K) and therefore
C(K)/ kermX/Y ∼= C(K0) where K0 is a clopen subset of K. Moreover C(K0) is
a dual Banach lattice. Notice that X/Y = X/Y ([x0]) is a cyclic Banach space and
because the map mX/Y : C(K0)→ L(X/Y ) is (w
⋆, weak-operator)-continuous we
see that the Boolean algebra e0B, where e0 is the characteristic function of K0, is
Bade complete on X/Y . Hence by Theorem 4.4 X/Y has order continuous norm
when represented as a Banach lattice. Then by Theorem 4.1 X/Y does not contain
any copy of ℓ∞. Since not containing ℓ∞ is a three-space property [2], X does not
contain a copy of ℓ∞, and the proof is complete.

Remark 4.8. In Theorem 4.7 we cannot dispense with the condition that X is
finitely generated. Indeed, ℓ∞ considered as a C-module satisfies conditions (1) -
(5) of Theorem 4.6 but it does contain a copy of itself.
Our final result relates to the dual Radon-Nikodym property and is a corollary
of Theorem 4.7 and [9, Theorem 3.4].
Theorem 4.9. Let K be a totally disconnected compact space and X be a finitely
generated Veksler C(K)-module. Assume also thatm(C(K)) is weak-operator closed
in L(X). Then the following conditions are equivalent.
1. X ′ has the Radon-Nikodym property.
2. X does not contain a copy of ℓ1.
3. No cyclic subspace of X contains a copy of ℓ1.
Proof. Without loss of generality we may assume that m is injective. The impli-
cations (1)⇒ (2)⇒ (3) are trivial. Assume (3). Since ℓ∞ contains a copy of ℓ1 no
cyclic subspace of X contains a copy of ℓ∞. By Theorem 4.7 the Boolean algebra
B of all idempotents in C(K) is Bade complete. Now Theorem 3.4 ((3) ⇒ (1))
in [9] implies that X ′ has the Radon - Nikodym property.

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